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Abstract
For every filter F on N, we introduce and study corresponding uniform F-
boundedness principles for locally convex topological vector spaces. These
principles generalise the classical uniform boundedness principle by coin-
ciding with this principle when the filter F equals the Fre´chet filter of
cofinite subsets of N. We determine combinatorial properties for the fil-
ter F which ensure that these uniform F-boundedness principles hold for
every Fre´chet space. Furthermore, for several types of Fre´chet spaces,
we also isolate properties of F that are necessary for the validity of these
uniform F-boundedness principles. For every infinite-dimensional Banach
space X, we obtain in this way exact combinatorial characterisations of
those filters F for which the corresponding uniform F-boundedness prin-
ciples hold true for X.
Keywords: Uniform Boundedness Principle, Filters on N, Fre´chet spaces, Ba-
nach spaces
MSC2010: 46A04, 03E20 (Primary), 40A35, 46B99 (Secundary)
1 Introduction
This paper contributes to the line of research ([8], [12], [13], [16], [17], . . . ) that
is concerned with the study of filter versions1 of several theorems in analysis (or
infinite combinatorics), whose classical proofs critically rely on Baire-categoric,
measure-theoretic, or Ramsey-theoretic ideas. Before clarifying how to derive
in a canonical way the statement TF for a filter version of the theorem T , let us
quickly motivate the interest in the new statement TF (see also the introduction
of [13]). As well as in generalising the theorem T involved, additional motiva-
tion for the study of the filter version TF lies in gaining understanding of the
∗Ben De Bondt gratefully acknowledges support by Ghent University, through a BOF
Ph.D. grant, which supported both the research and the preparation of the current article.
†Currently at Institut de Mathe´matiques de Jussieu–PRG, Universite´ Paris 7.
‡Hans Vernaeve gratefully acknowledges support by research Grant 1.5.129.18N of the
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1Because of the duality between filters and ideals, one can equivalently study the corres-
ponding ideal versions of such theorems. Several authors choose to do so.
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combinatorial principles that are needed to prove T . Indeed, those filters on N
that preserve validity of the filter versions often turn out to possess interesting
combinatorial properties, closely related to the P-properties and Q-properties,
that are classically studied in set theory. In the present paper, we show that
this is true as well for filter versions of the uniform boundedness principle for
Fre´chet spaces.
In [17] the authors studied the Baire filters2, which have the property that for
every complete metric space X and every order-reversing map
f : (F ,⊆)→ ({F ⊆ X : F nowhere dense in X},⊆),
one has that ⋃
A∈F
f(A) 6= X.
Given that the uniform boundedness principle comes as a consequence of the
Baire category theorem, it is not surprising that the uniform F -boundedness
principle will hold for every Fre´chet space whenever F is a Baire filter, and
once the necessary definitions have been introduced, it will indeed be an easy
exercise to check this. However, it was found in [17], that the notion of Baire
filter is a rather restrictive one. The only analytic Baire filters for instance, are
all countably generated. This makes it natural to determine weaker conditions
under which filter versions of the uniform boundedness principle are true.3
1.1 Terminology and notation
We now proceed to the introduction of the most important concepts involved.
Every filter F on N gives rise to the generalised quantifier (∀F i ∈ N) defined by
the following rule:
(∀F i ∈ N)(Φ(i)) ⇔ {i ∈ N : Φ(i)} ∈ F ,
for every formula Φ. We let C be the Fre´chet filter consisting of the cofinite
subsets of N and let F be an arbitrary filter on N. Then, any concept which
can be expressed in terms of the quantifier (∀C i ∈ N) has a direct F -analogue,
obtained by replacing the quantifier (∀C i ∈ N) by the quantifier (∀F i ∈ N). For
example, convergence of a sequence (xi)i in a metric space (M,d) to x ∈M can
be expressed by the formula
(∀ε ∈ R>0)(∀C i ∈ N) d(x, xi) < ε,
and the replacement of generalised quantifiers gives the useful concept of F -
convergence of the sequence (xi)i to x:
(∀ε ∈ R>0)(∀F i ∈ N) d(x, xi) < ε.
2Or rather, the ideals dual to such filters.
3In particular, Example 5.3 will exhibit an analytic filter of uncountable character for which
the uniform F-boundedness principle holds for every Fre´chet space.
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In the same fashion, we now define F -analogues for two principal concepts from
the theory of topological vector spaces, that of boundedness of a sequence and
that of equicontinuity of a sequence of (linear) maps. Let X be a topological
vector space and F a filter on N. A sequence (xi)i in X is F-bounded if for
every 0-neighbourhood U in X there exists t > 0 such that
txi ∈ U (∀F i ∈ N).
Note that in a normed space X , (xi)i is F -bounded if and only if there exists
C > 0 such that
‖xi‖ ≤ C (∀F i ∈ N).
Also note that for general filters F , F -boundedness is not necessarily preserved
by rearrangements of sequences.
A sequence (Ti)i of linear maps from the topological vector space X to a topo-
logical vector space Y is F-equicontinuous if for every 0-neighbourhood V in
Y there exists a 0-neighbourhood U in X such that
Ti[U ] ⊆ V (∀F i ∈ N).
The reader can observe that ifX and Y are both normed spaces, a sequence (Ti)i
of continuous linear maps from X to Y is F -equicontinuous precisely when it
is F -bounded in the normed space L(X,Y ) of continuous linear operators from
X to Y.
Continuing in this same vain, a sequence (Ti)i in L(X,Y ) is defined to be point-
wise F-bounded when for every x ∈ X, the sequence (Ti(x))i is an F -bounded
sequence in Y. Equivalently, (Ti)i is pointwise F -bounded when it is F -bounded
in the space L(X,Y ) equipped with the topology of pointwise convergence.
Given the topological vector spaces X,Y and the filter F on N, let PWF (X,Y )
and EQF(X,Y ) denote respectively the set of all pointwise F -bounded se-
quences in L(X,Y ) and the set of all F -equicontinuous sequences in L(X,Y ).
It is clear that EQF(X,Y ) ⊆ PWF (X,Y ). The validity of the reverse inclusion
is the subject of uniform F -boundedness principles. We write UBPF (X,Y )
as abbreviation for the statement PWF (X,Y ) = EQF (X,Y ) and say that
the uniform F-boundedness principle holds for continuous linear maps from X
to Y whenever this statement is true. We will also say that the uniform F -
boundedness principle holds for X if UBPF (X,Y ) holds for every locally convex
space Y. We define F to be a Fre´chet-UBP-filter if UBPF (X,Y ) holds for
every Fre´chet space X and every locally convex space Y. By the classic theorem
of Banach and Steinhaus, the Fre´chet filter C is a Fre´chet-UBP-filter.
We define F to be a Banach-UBP-filter if UBPF(X,Y ) holds for every Ba-
nach space X and every locally convex space Y.
1.2 Aim
We will answer the following questions.
1. Is every Banach-UBP-filter a Fre´chet-UBP-filter? (Theorem 5.1.)
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2. Does there exist a combinatorial characterisation of the Fre´chet- or Banach-
UBP-filters? (Theorem 5.1.)
3. Do there exist Fre´chet-UBP-filters that are not finitely generated?
(Example 5.3.)
4. If X is an infinite-dimensional Banach space, does the validity of the uni-
form F -boundedness principle for X depend on the relationship between
the space X and the filter F , or solely on the filter F? (Theorem 5.1.)
5. Is the existence of either Fre´chet- or Banach-UBP-ultrafilters consistent
with ZFC? Is the existence of such ultrafilters provable in ZFC?
(Corollary 5.5.)
2 Combinatorics of filters on a countable set
A filter on a set S is a nonempty ⊆-upwards closed set F ( P (S) (where
P (S) denotes the power set of S) which is closed under finite intersections.
Throughout this paper, we will always have S = N := {0, 1, 2, 3, . . .} and will
only consider filters which are free, i.e. we will make the extra assumption that
C ⊆ F . The corresponding questions for non-free filters can be reduced to the
case of free filters.
An ideal on a set S is a nonempty ⊆-downwards closed set I ( P (S) which is
closed under finite unions. If F is a filter on S, the set F∗ = {A ⊆ S : Ac ∈ F}
is the dual ideal of F . We will denote the set P (S) \F∗ of F -stationary sets by
F+. Note that a subset of S is F -stationary precisely when it has non-empty
intersection with every element of F .
For two sets A,B ⊆ N, we write A ⊆∗ B whenever A is contained in B modulo
a finite set, i.e. A \B is finite. For A ⊆ N infinite, the enumerating function of
A is the unique increasing surjection ηA : N→ A.
We will show that the uniform boundedness principle for filters is closely related
to the following combinatorial properties for filters on N.
Definition 2.1.
Let F be a filter on N, then F is
• a weak P+-filter if for every decreasing sequence (Ak)k of sets in F and
for every F -stationary set I ⊆ N there exists an F -stationary set B ⊆ I
such that B ⊆∗ Ak for every k.
• a P+-filter if for every decreasing sequence (Ak)k of F -stationary sets,
there exists an F -stationary set B such that B ⊆∗ Ak for every k.
• a rapid+ filter if for every F -stationary set I ⊆ N and every strictly
increasing function f : N → N, there exists an F -stationary set B ⊆ I
such that the function enumerating B dominates f, i.e. f ≤ ηB.
4
The (weak) P+-property of filters, along with several properties very close to
the rapid+-property have appeared in prior literature (see [1], [9], [11], [19]). We
advise the reader to be careful while consulting this literature as the terminology
used to denote combinatorial properties of filters does vary among authors. Let
us point out that the study of these and related properties of filters has origi-
nated in the study of ultrafilters on N. For ultrafilters the weak P+-property,
the P+-property and several other related properties coincide and they deter-
mine a topological invariant of points in the Stone-Cˇech compactification βN.
In [21], this P -property was used by Rudin to study non-homogeneity of the
space βN.
In the following Lemma 2.2, Lemma 2.3 and Lemma 2.6, we formulate well-
known alternative characterisations of respectively weak P+-filters, P+-filters
and rapid+ filters, which will be of value further on. The proofs of these char-
acterisations are direct and are skipped here for brevity (one can consult [9] to
find outlines of such proofs).
Lemma 2.2.
A filter F on N is a weak P+-filter if and only if for every function Γ : N → N
one of the following two statements holds:
• Γ is bounded on some F -stationary set,
• every F -stationary set I has an F -stationary subset on which Γ is finite-
to-one.
Lemma 2.3.
A filter F on N is a P+-filter if and only if for every function Γ : N→ N one of
the following two statements holds:
• Γ is bounded on some element of F .
• Γ is finite-to-one on some F -stationary set.
If I ⊆ N, we say that I ′ ⊆ I is an interval of I whenever I ′ = I ∩ [a, b) for
a, b ∈ N.
Definition 2.4.
An increasing interval-partition of I is a partition of I into intervals (In)n of I
such that max(In) < min(Im) for each n < m.
To a strictly increasing function f : N→ I, we associate the increasing interval-
partition (Ifn)n defined by I
f
n = I ∩ (f(n−1), f(n)] (where we agree on f(−1) =
−1 for all such f). Clearly, every increasing interval-partition is of the form
(Ifn)n for a unique strictly increasing function f : N→ I.
Definition 2.5.
Let F be a filter on N and I ⊆ N F -stationary. Let (In)n be an increasing
interval-partition of I. We say that F is slow with respect to (In)n if every
F -stationary A ⊆ I satisfies (∃n ∈ N)( |A ∩ In| > n).
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Lemma 2.6.
If F is a filter on N, then the following two statements are equivalent:
1. F is rapid+.
2. No F -stationary set I ⊆ N has an increasing interval-partition (In)n such
that F is slow with respect to (In)n.
Every countably generated filter F on N is both a rapid+-filter and a P+-filter.
We now illustrate these properties with two important examples of filters that
both originate in analysis.
Example 2.7. The asymptotic density filter Fd consists of those sets A ⊆ N that
satisfy
lim sup
n→∞
|{k < n : k ∈ A}|
n
= 1.
Fd is a weak P+-filter, but it is not a P+-filter, nor a rapid+-filter. The notion of
convergence corresponding to this filter is also known as statistical convergence.
Example 2.8. To every f : N→ R>0 with limn→∞ f(n) = 0 corresponds a filter
Ff which is dual to the summable ideal
If = {A ⊆ N :
∑
n∈A
f(n) <∞}.
Ff is a P+-filter that is not rapid+.
Both Fd and Ff belong to the well-studied class of analytic P-filters, see e.g. [7].
3 Sufficient conditions for Fre´chet-UBP-filters
A natural weaker variation of the uniform F -boundedness principle is given by
the following stationary uniform F -boundedness principle.
Definition 3.1.
Let X,Y be topological vector spaces.
A sequence (Ti)i in L(X,Y ) is F -stationary-equicontinuous if for every F -
stationary set I ⊆ N and every 0-neighbourhood V in Y , there exists a 0-
neighbourhood U in X such that:
(∃J ∈ F+, J ⊆ I)(∀i ∈ J) Ti[U ] ⊆ V.
We say that the stationary uniform F-boundedness principle holds for
continuous linear maps from X to Y , and denote this by UBP statF (X,Y ), when-
ever every pointwise F -bounded sequence (Ti)i in L(X,Y ) is F -stationary-
equicontinuous. We say that the stationary uniform F -boundedness princi-
ple holds for X if UBP statF (X,Y ) holds for every locally convex space Y . We
define F to be a stationary Fre´chet-UBP-filter if the stationary uniform F -
boundedness principle holds for every Fre´chet space X. Stationary Banach-
UBP-filters are defined in the analogous way.
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We will find that, in several ways, the stationary uniform F -boundedness prin-
ciple relates to the uniform F -boundedness principle as weak P+-filters relate
to P+-filters.
In this section, it will be proved that the previously introduced combinatorial
properties for filters can be used to express sufficient conditions for the uniform
F -boundedness principles to hold for Fre´chet spaces. In particular, we will prove
the following theorem.
Theorem 3.2.
(a) Every rapid+ weak P+-filter is a stationary Fre´chet-UBP-filter.
(b) Every rapid+ P+-filter is a Fre´chet-UBP-filter.
The theory of uniform boundedness principles for topological vector spaces is
traditionally phrased in terms of barrels and barrelled spaces. To stay in line
with this case where F is equal to the cofinite filter, we first introduce an
F -analogue for the concept of barrelled space. Recall that a subset B of a
topological vector space X is a barrel when it is absorbing, balanced, closed and
convex (our terminology here is in line with [26]).
Definition 3.3.
An F -barrel-system in X is a sequence (Bi)i consisting of barrels Bi in X with
the property that for every x ∈ X, there is t > 0 such that
tx ∈ Bi (∀F i ∈ N).
Definition 3.4.
A topological vector space X is F -barrelled if for every F -barrel-system (Bi)i
in X there exists a 0-neighbourhood U in X such that
U ⊆ Bi (∀F i ∈ N).
Definition 3.5.
A topological vector space X is stationarily F -barrelled if for every F -barrel-
system (Bi)i inX and for everyF -stationary set I, there exists a 0-neighbourhood
U in X and an F -stationary J ⊆ I such that
U ⊆ Bi (∀i ∈ J).
Note that if C denotes again the Fre´chet filter of cofinite sets, the concepts of
F -barrelled space and stationarily F -barrelled space do indeed coincide with
the classic notion of barrelled space.
Just as in the case where F equals the cofinite filter, we find that continuous
linear maps from F -barrelled spaces to locally convex spaces satisfy uniform
F -boundedness principles.
Lemma 3.6.
For every F -barrelled locally convex space X and every locally convex space Y ,
UBPF(X,Y ) holds.
For every stationarily F -barrelled locally convex space X and every locally
convex space Y , UBP statF (X,Y ) holds.
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Proof. We prove the first statement, the proof of the second statement is analo-
gous, and both proofs are entirely analogous to the proof of the uniform bound-
edness principle for barrelled spaces.
Let (Ti)i be a pointwise F -bounded sequence in L(X,Y ). Let U be an arbi-
trary 0-neighbourhood in Y , we may assume that U is a barrel. Because every
Ti is linear and continuous, T
−1
i [U ] is a barrel for every i. By pointwise F -
boundedness, (T−1i [U ])i is an F -barrel-system. Using F -barrelledness, we find
some 0-neighbourhood V in X such that (∀F i ∈ N) V ⊆ T−1i [U ], so we have
proved F -equicontinuity of (Ti)i. 
Remark 3.7. By repeating the preceding argument with continuous seminorms
instead of continuous linear maps, we find that if X is a barrelled space, then
X is F -barrelled if and only if the uniform F -boundedness principle for semi-
norms holds, i.e. every pointwise F -bounded sequence of continuous seminorms
is F -equicontinuous. Analogously, if X is barrelled, then X is stationarily F -
barrelled if and only if the stationary uniform F -boundedness principle for semi-
norms holds for X , i.e. every pointwise F -bounded sequence of continuous
seminorms on X is F -stationary-equicontinuous.
In Theorem 3.13 below, we will prove that if F is a rapid+ (weak) P+-filter, then
every Fre´chet space is (stationarily)F -barrelled. Our proof of Theorem 3.13 uses
and extends several ideas found in the elementary proof for the uniform bound-
edness principle given by Sokal in [24]. In this proof, we will repeatedly make
use of a general non-empty intersection principle for complete metric spaces
which we now describe first.
Our situation of interest will be the following. Suppose given a first countable
(eventually even completely metrizable) topological vector space X together
with two countable bases (Vn)n and (An)n for the filter of 0-neighbourhoods of
X. Suppose that for all integers l ≥ 0, n ≥ 1 :
An +An+1 + . . .+An+l ⊆ Vn. (L1)
We will additionally assume that all neighbourhoods Vn are closed. (L2)
Now, let (Cn)n be a sequence of subsets of X and suppose that we wish to show
that the intersection
⋂
n≥1(Cn + Vn+1) is non-empty. The following lemma
provides a means of deriving this conclusion, at least when the sequences (Cn)n
and (An)n have the following property:
C1 6= ∅.
(∀n ≥ 2)(∀x ∈ Cn−1)((x+ An) ∩Cn 6= ∅).
(L3)
We call a sequence (Cn)n with this property (An)n-connected.
Lemma 3.8.
If X is a completely metrizable topological vector space with (Vn)n, (An)n two
bases for the filter of 0-neighbourhoods of X that satisfy (L1) and (L2), then the
intersection
⋂
n≥1(Cn+Vn+1) is non-empty for every sequence (Cn)n of subsets
of X that is (An)n-connected (i.e. that satisfies (L3)).
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Proof. We recursively construct a sequence (xk)k in X .
Choose x1 ∈ C1 arbitrary. For k ≥ 2, choose xk ∈ (xk−1 + Ak) ∩ Ck, it follows
from (L3) that this is always possible. From this construction, it follows that
xk+l − xk ∈ Ak+1 + . . .+Ak+l ⊆ Vk+1
for every l ∈ N and every k ≥ 1.
Because (Vk)k is a 0-neighbourhood base for the complete space X , we find that
xk → x for some x ∈ X . Next, (Vk)k consisting of closed sets, we can take limits
in xk+l − xk ∈ Vk+1 to find that x ∈ xk + Vk+1 for every k ≥ 1.
Hence, x ∈
⋂
k≥1
(xk + Vk+1) ⊆
⋂
k≥1
(Ck + Vk+1). 
We will also need the following two lemmas that both concern the local be-
haviour of seminorms.
Lemma 3.9 ([24]).
Let X,Y be vector spaces and U a symmetric subset (i.e., U = −U) of X.
(a) If p is a seminorm on X , then
sup
y∈x+rU
p(y) ≥ r sup
y∈U
p(y) ∀x ∈ X, ∀r ∈ R>0.
(b) If T : X → Y is a linear map and q a seminorm on Y , then
sup
y∈x+rU
q(T (y)) ≥ r sup
y∈U
q(T (y)) ∀x ∈ X, ∀r ∈ R>0.
Proof. It is clear that statement (b) follows from statement (a).
To prove (a), we can argue as follows:
sup
y∈x+rU
p(y) ≥ 1
2
sup
y∈U
(p(x+ ry) + p(x− ry))
≥ 1
2
sup
y∈U
p((x + ry)− (x− ry)) = r sup
y∈U
p(y)

If p is a seminorm on a vector space X, the following notation will be employed
to denote the closed unit seminorm-ball defined by p :
Bp := {x ∈ X : p(x) ≤ 1}.
Lemma 3.10.
Let X be a vector space, and p, q1, . . . , qk seminorms on X .
If q1, . . . , qk are all unbounded on Bp, then min(q1, . . . , qk) is unbounded on Bp.
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Proof. Because each of the seminorms qi is unbounded on Bp, there exists for
every i ∈ {1, . . . , k} a sequence (xin)n with qi(xin) ≥ 1 and xin
p→ 0 as n→∞.
Now, as an auxiliary means for the rest of the proof, fix an arbitrary free ultrafil-
ter U ⊆ P (N). Consider for every i the finite-dimensional vector space Vi ≤ Rk
defined by
Vi := {(r1, . . . , rk) ∈ Rk : lim
U ,n
qi(r1x
1
n + . . .+ rkx
k
n) = 0}.
Since the vector (0, . . . , 0, 1, 0, . . . , 0) (with 1 on place i) is not contained in Vi,
every Vi is a proper subspace of R
k. It follows that Rk 6=
k⋃
i=1
Vi, so we can select
(r1, . . . , rk) ∈
k⋂
i=1
V ci .
Set zn := r1x
1
n + . . .+ rkx
k
n. From the choice of the scalars (r1, . . . , rk) and the
definition of an ultrafilter limit, it follows that there exists ε > 0 and U ∈ U
such that for every i ∈ {1, . . . , k} and every n ∈ U , qi(zn) > ε.
Thus, min(q1, . . . , qk)(zn) > ε for every n ∈ U , while zn p→ 0 as n→∞. Hence,
min(q1, . . . , qk) is unbounded on Bp. 
Lemma 3.11.
If X is a Fre´chet space, F a P+-filter and (qi)i a pointwise F -bounded sequence
of continuous seminorms on X, then there exists a 0-neighbourhood U in X and
F ∈ F such that qi is bounded on U whenever i ∈ F (with bounds possibly
depending on i).
Proof. Fix a base (pm)m of continuous seminorms for X with pm ≤ pm+1 for
every m. Because every qi is a continuous seminorm on X, there exists for every
i a corresponding integer m such that qi is bounded on the seminorm-ball Bpm .
As a consequence, the following function is well defined:
l : N→ N : l(i) = min{m ∈ N : qi is bounded on Bpm+1}.
The assertion of the lemma is established if we can show that l is bounded on
an element of F . Because F is a P+-filter, we can apply Lemma 2.3 to find that
it suffices to prove that the function l is not finite-to-one on any F -stationary
set.
Striving for contradiction, let’s suppose that l is in fact finite-to-one on the F -
stationary set I.
For every integer k ≥ 0, set
σk := sup{qi(x) : i ∈ I, l(i) = k and x ∈ Bpk+1}.
It follows from the definition of l(i) together with l being finite-to-one on I, that
σk <∞.
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Next, we wish to apply Lemma 3.8 to the system (Ak)k, (Vk)k, (Ck)k defined
by:
Ak = {x ∈ X : pk(x) ≤ 3−k}
Vk = {x ∈ X : pk(x) ≤ 3
2
3−k}
Di = {x ∈ X : qi(x) ≥ k + 3σk
2
}
Ck = {x ∈ X : (∀i ∈ I)(l(i) = k ⇒ x ∈ Di)}.
It is easily verified that the filter bases (Ak)k and (Vk)k indeed satisfy the
conditions (L1) and (L2). Before checking (L3), note that for every k ≥ 1,
the set {qi : l(i) = k, i ∈ I} contains finitely many seminorms which are all
unbounded on Bpk . Hence, it follows directly from Lemma 3.10 that Ck is non-
empty. We prove that in addition (y+Ak)∩Ck is non-empty for every k ≥ 2 and
every y ∈ X , so that (Ck)k is indeed (Ak)k-connected. Given y ∈ X and k ≥ 2
it follows from a second application of Lemma 3.10 that there is x ∈ 1
3k
Bpk such
that for every i ∈ I with l(i) = k the following is true
qi(x) ≥ k + 3
2
σk +max{qj(y) : j ∈ I, l(j) = k}.
Then x + y belongs to (y + Ak) ∩ Ck. It follows that we can apply Lemma 3.8
and find that there exists x ∈ ⋂k≥1(Ck+Vk+1). Then for every i ∈ I and k ≥ 1
with l(i) = k, we have:
qi(x) ≥ inf{qi(y) : y ∈ Ck} − sup{qi(y) : y ∈ Vk+1}
≥ k + 3σk
2
− sup{qi(y) : y ∈ Vk+1}
≥ k + 3σk
2
(1− 3−k−1)→∞,
as k → ∞. Because l is also finite-to-one on I, it follows that (qi(x))i tends to
+∞ on the F -stationary set I and consequently that (qi)i can not be pointwise
F -bounded. 
Lemma 3.12.
If X is a Fre´chet space, F a weak P+-filter and (qi)i a pointwise F -bounded
sequence of continuous seminorms on X, then for every F -stationary set I, there
exists a 0-neighbourhood U in X and a stationary subset J of I such that qi is
bounded on U whenever i ∈ J (with bounds possibly depending on i).
Proof. As in Lemma 3.11,
l : N→ N : l(i) = min{m ∈ N : qi is bounded on Bpm+1},
is well-defined. Let I be an arbitrary F -stationary set. We will apply Lemma 2.3
to the mapping lI : N→ N, defined by lI(i) = l(i) if i ∈ I and lI(i) = i for every
11
i ∈ Ic.
If lI is bounded on an F -stationary set, then it is also bounded on an F -
stationary subset of I and this would lead directly to the conclusion in the
lemma. Because F is a weak P+-filter it suffices to prove that the function lI is
not finite-to-one on any F -stationary subset of I.
Suppose in desire of contradiction that l is finite-to-one on the F -stationary
subset J of I. Proceeding exactly as in Lemma 3.11, but with J in the role of I,
one uses Lemma 3.8 to produce under this assumption x ∈ X such that (qi(x))i
tends to +∞ on the F -stationary set J . This leads to contradiction with the
pointwise F -boundedness of (qi)i. 
We are now ready to give the proof of Theorem 3.13. Note that Theorem 3.2
then follows by combining Theorem 3.13 and Lemma 3.6.
Theorem 3.13.
(a) If X is a Fre´chet space and F is a rapid+ P+-filter then X is F -barrelled.
(b) If X is a Fre´chet space and F is a rapid+ weak P+-filter then X is
stationarily F -barrelled.
Proof. Let X be a Fre´chet space and let F be a filter.
Fix a base (pm)m of continuous seminorms for X with pm ≤ pm+1 for every
m. Let an arbitrary F -barrel-system (Bi)i in X be given. Denote by qi the
Minkowski-functional corresponding to the barrel Bi. Because X is barrelled,
every qi is a continuous seminorm on X and because (Bi)i forms an F -barrel-
system, the sequence (qi)i is pointwise F -bounded.
We first prove the following claim:
Claim. If (qi)i is a pointwise F -bounded sequence of seminorms on X and (ak)k
is a sequence of non-negative integers satisfying
4k ≤ sup{qak(x) : pk(x) ≤ 1} <∞
for every k, then {ak : k ∈ N} can not be F -stationary.
Proof of Claim. Suppose that we could find such a sequence (ak)k of non-
negative integers with {ak : k ∈ N} F -stationary.
Then, we could apply Lemma 3.8 to the system (Ak)k, (Vk)k, (Ck)k defined by:
Ak = {x ∈ X : pk(x) ≤ 3−k}
Vk = {x ∈ X : pk(x) ≤ 3
2
3−k}
Ck = {x ∈ X : qak(x) ≥
2
3k+1
sup{qak(x) : pk(x) ≤ 1}}.
It is again easily verified that the filter bases (Ak)k and (Vk)k satisfy the condi-
tions (L1) and (L2) from Lemma 3.8 and it follows from a direct application of
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Lemma 3.9 that (Ck)k is (Ak)k-connected. Therefore, we can apply Lemma 3.8
to find some x ∈ ⋂k≥1(Ck + Vk+1). Then:
qak(x) ≥ inf{qak(y) : y ∈ Ck} − sup{qak(y) : y ∈ Vk+1}
≥ 2
3k+1
sup{qak(x) : pk(x) ≤ 1} −
3
2
3−(k+1) sup{qak(x) : pk+1(x) ≤ 1}
≥ 1
6
3−k sup{qak(x) : pk(x) ≤ 1} ≥
1
6
(
4
3
)k →∞,
as k → ∞. Hence, (qi(x))i tends to +∞ on the F -stationary set {ak : k ∈ N},
so that (qi)i is not pointwise F -bounded. This concludes the proof of the claim.

We proceed to prove statements (a) and (b) separately.
(a) Let the filter F now be a rapid+ P+-filter. To prove part (a) of the lemma,
it suffices to prove that the pointwise F -bounded sequence (qi)i of seminorms is
F -equicontinuous. If follows from Lemma 3.11 that there is a 0-neighbourhood
U in X and F ∈ F such that qi is bounded on U whenever i ∈ F . Hence,
by altering the sequence (qi)i on a non-F -stationary set and renumbering the
seminorms (pm)m if necessary, it can be assumed that sup{qi(x) : pm(x) ≤ 1}
is finite for every i,m ∈ N. Suppose now that the sequence (qi)i is not F -
equicontinuous.
Set Xk := {i ∈ N : sup{qi(x) : pk(x) ≤ 1} > 4k}. Then (Xk)k is a decreasing se-
quence of F -stationary sets and because F is a P+-filter, there is an F -stationary
B such that B ⊆∗ Xk for every k. Because F is rapid+, there exist ak ∈ Xk
such that {ak : k ∈ N} is F -stationary. But then the above claim can be used to
reach a contradiction with the pointwise F -boundedness of the sequence (qi)i.
(b) Let the filter F now be a rapid+ weak P+-filter. Let I be an arbitrary
F -stationary set. To prove part (b) of the lemma, it suffices to prove that there
exists an F -stationary set J ⊆ I and a 0-neighbourhood U in X such that
sup{qj(x) : j ∈ J, x ∈ U}
is finite. Suppose (∗) that such a J and U do not exist. It follows from
Lemma 3.12 that we can assume that sup{qi(x) : pm(x) ≤ 1} is finite for
every i ∈ I,m ∈ N. Indeed, since (qi)i is pointwise F -bounded, this can be
accomplished (without effecting generality of the proof) by replacing I by some
F -stationary subset of I and by renumbering the seminorms (pm)m, if necessary.
Set Xk := {i ∈ I : sup{qi(x) : pk(x) ≤ 1} > 4k}. By the assumption (∗), none of
the sets Xck∩I can be F -stationary. Then (Xk∪Ic)k is a decreasing sequence of
elements of F and because F is a weak P+-filter, there is an F -stationary B ⊆ I
such that B ⊆∗ Xk ∪ Ic for every k. It follows that also B ⊆∗ Xk for every k.
Because F is rapid+, there exist ak ∈ Xk such that {ak : k ∈ N} is F -stationary.
But then the above claim can again be used to reach a contradiction with the
pointwise F -boundedness of the sequence (qi)i. 
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Remark 3.14. For the reader who is solely interested in Banach spaces instead
of the more general Fre´chet spaces, the previous proof can be considerably
simplified. Indeed, one finds that whenever X is Banach, both Lemma 3.11 and
Lemma 3.12 reduce to trivialities. Consequently, to prove that every Banach
space is (stationarily) F -barrelled whenever F is a rapid+ (weak) P+-filter, one
can directly repeat the proof of Theorem 3.13, needing ony Lemma 3.8 and
Lemma 3.9 at hand.
Remark 3.15. Theorem 3.2 can be applied in similar fashion as the uniform
boundedness principle to derive F -dependent results in analysis. For example,
by applying this theorem in the Banach space C(T) of functions continuous
on the circle, equipped with the supremum norm, one proves the following
strengthening of a well-known result for F = C.
Lemma 3.16.
For every rapid+ P+-filter F , there exists f ∈ C(T) such that the corresponding
sequence
sn(f) =
n∑
k=−n
fˆ(k)
of partial Fourier-sums at 0 is notF -bounded. In particular, the series∑k∈Z fˆ(k)
is not F -convergent.
Proof. Note that the operator norms of the functionals ϕn : C(T) → R : f 7→∑n
k=−n fˆ(k) tend to infinity as n→∞. By consequence, the sequence (ϕn)n is
not F -bounded in the dual space of C(T), for any filter F . The assertion follows
directly by applying Theorem 3.2. 
4 Necessary conditions for Fre´chet-UBP-filters
4.1 Fre´chet-UBP-filters are P+-filters
We now pass to the study of those properties of F which are necessary for F to
be a Fre´chet-UBP-filter or a stationary Fre´chet-UBP-filter. In this section we
will show that every (stationary) Fre´chet-UBP-filter is a (weak) P+-filter.
In fact, something stronger is true: it is enough for the uniform F -boundedness
principle to hold for (at least) one arbitrary infinite-dimensional Fre´chet space
X to imply that F is a P+-filter. The proof is somewhat surprising in the sense
that it separates the cases where X is non-normable and the case where X is
Banach. In the first case, which is treated in the following lemma, the proof
uses no completeness conditions on X, but exploits the assumption that X is
non-normable.
Lemma 4.1.
Let X be an infinite-dimensional metrizable locally convex topological vector
space which is not normable.
1. If the uniform F -boundedness principle holds for X, then F is a P+-filter.
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2. If the stationary uniform F -boundedness principle holds for X, then F is
a weak P+-filter.
Proof. We give the proof of the first statement, it is easily adapted to prove the
second statement. Suppose that F is not a P+-filter. Using Lemma 2.3, we find
Γ : N→ N with:
• Γ is unbounded on every element of F ,
• Γ is not finite-to-one on any F -stationary set.
Let (Vk)k be a decreasing 0-neighbourhood base in X . Since X is not normable,
none of the neighbourhoods Vk is bounded. Since X is locally convex, it follows
from the Mackey theorem that the original topology onX and the weak topology
σ(X,X ′) share the same bounded sets. Therefore, none of the neighbourhoods
Vk is σ(X,X
′)-bounded. It follows that we can select for each n ∈ N a functional
ϕn ∈ X ′ which is unbounded on Vn. We claim that the sequence (ψn)n with
ψn(x) :=
1
n
ϕΓ(n) contradicts the uniform F -boundedness principle.
Indeed, it is clear that Γ is finite-to-one on any set of the form {n ∈ N : |ψn(x)| >
C}, with C ∈ R>0 and x ∈ X. Therefore, all of these sets have to be non-F -
stationary, hence the sets {n ∈ N : |ψn(x)| ≤ C} have to belong to F and (ψn)n
is pointwise F -bounded. From the uniform F -boundedness principle it would
follow that there exist k ∈ N and A ∈ F such that
(∀x ∈ Vk)(∀n ∈ A) |ψn(x)| ≤ 1.
Since Γ is unbounded on A, we can choose n ∈ A such that Γ(n) > k. Then:
(∀x ∈ Vk) |ϕΓ(n)(x)| ≤ n.
This contradicts the fact that ϕΓ(n) is unbounded on VΓ(n) ⊆ Vk. 
In the remainder of this section we concentrate on infinite-dimensional Banach
spaces X and show that the (stationary) uniform F -boundedness principle can-
not hold for X when F is not a (weak) P+-filter. For this purpose, we make
use of the Josefson-Nissenzweig theorem which assures that the dual space of X
is rich enough for counterexamples to the uniform F -boundedness principle to
exist.
Lemma 4.2.
Let X be an infinite-dimensional Banach space, F a filter on N and I ⊆ N
F -stationary. If Γ : N → N is not finite-to-one on any F -stationary subset of
I, then there exists a pointwise F -bounded sequence (ϕl)l in the dual space X ′
such that ‖ϕl‖ = Γ(l) for every l ∈ I.
Proof. By the Josefson-Nissenzweig theorem (see for example [2] for a complete
proof), we can choose a sequence (ψn)n in the unit sphere of X
′ which is weakly-
null (i.e. ψn(x)→ 0 for every x ∈ X). Consider the sequence of bounded linear
functionals given by
ϕl =
{
Γ(l)ψl when l ∈ I,
0 otherwise.
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We claim that for every x ∈ X, {l : |ϕl(x)| ≤ 1} ∈ F .
Suppose not, then {l : |ϕl(x)| > 1} is an F -stationary subset of I.
Because Γ is not finite-to-one on any F -stationary subset of I, there exists
m ∈ N such that Am := {l : |ϕl(x)| > 1 ∧ Γ(l) = m} is an infinite set. But then
1 ≤ lim
l∈Am,l→∞
|ϕl(x)| = lim
l∈Am,l→∞
m|ψl(x)| = 0,
a contradiction which justifies our claim. 
Lemma 4.3.
Let X be an infinite-dimensional Banach space and F a filter on N.
(a) If the uniform F -boundedness principle holds for X , then F is a P+-filter.
(b) If the stationary uniform F -boundedness principle holds for X , then F is
a weak P+-filter.
Proof. (a) Suppose that F is not a P+-filter.
Using Lemma 2.3, choose Γ : N→ N such that:
• Γ is unbounded on every element of F ,
• Γ is not finite-to-one on any F -stationary subset of N.
Using Lemma 4.2, we find a pointwise F -bounded sequence (ϕl)l in X ′ such
that ‖ϕl‖ = Γ(l) for every l. To reach a contradiction with the uniform F -
boundedness principle, it suffices to note that (ϕl)l can not be F -bounded,
because Γ is not bounded on any element of F .
(b) Suppose that F is not a weak P+-filter.
Using Lemma 2.2, choose Γ : N→ N and an F -stationary set I such that:
• Γ is unbounded on every F -stationary set,
• Γ is not finite-to-one on any F -stationary subset of I.
Using Lemma 4.2, we find a pointwise F -bounded sequence (ϕl)l in X ′ such
that ‖ϕl‖ = Γ(l) for every l ∈ I. Because Γ is unbounded on every F -stationary
set and ‖ϕl‖ = Γ(l) for every l ∈ I, we find that (ϕl)l is not bounded on
any F -stationary subset of I. Since (ϕl)l is pointwise F -bounded, this is in
contradiction with the stationary uniform F -boundedness principle. 
One can note that the sequences constructed in the proofs of both Lemma 4.1
and Lemma 4.2 are not only pointwise F -bounded but also pointwise F -conver-
gent to 0. By also noting that Fd is not a P+-filter, we arrive at the following
corollary.
Corollary 4.4.
For every infinite-dimensional Fre´chet space X, there exists a sequence (ϕl)l ∈
X ′ that is not Fd-equicontinuous, yet pointwise converges statistically to zero.
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4.2 Weak Fre´chet-UBP-filters are Rapid+-filters
To conclude the characterisation of (stationary) Banach-UBP-filters, we prove
that every stationary Fre´chet-UBP-filter is rapid+. The following more general
statement holds.
Lemma 4.5.
Let X be an infinite-dimensional normed space and F a filter on N. If the
stationary uniform F -boundedness principle holds for X , then F a is rapid+
filter.
For this purpose, we adapt an argument used in the proof of Theorem 2.6 in
[16]. The main tool in this argument is Dvoretzky’s theorem on the existence
of almost euclidean sequences in normed spaces.
Let (X, ‖ ‖) now be a normed space.
Denote by |a|2 the euclidean norm on a ∈ Rn+1, |(a0, . . . , an)|2 :=
√
a20 + . . .+ a
2
n.
We will call a finite sequence xm, . . . , xm+n ε-almost-euclidean whenever
|(am, . . . , am+n)|22 ≤ ‖
n∑
i=0
am+ixm+i‖2 ≤ (1 + ε)|(am, . . . , am+n)|22,
(∀(am, . . . , am+n) ∈ Rn+1).
Definition 4.6.
Let (In)n be an increasing interval-partition of I. A sequence (xn)n∈I in X
is ε-almost-euclidean on (In)n if the finite sequence (xj : j ∈ In) is ε-almost-
euclidean for every n ∈ N.
Lemma 4.7.
Let X be a normed space, F a filter on N, I ⊆ N F -stationary, ε > 0 and (In)n
an increasing interval-partition of I. If
(a) F is slow with respect to (In)n,
(b) X ′ contains a sequence (ϕn)n∈I that is ε-almost-euclidean on (In)n,
then X ′ contains a pointwise F -bounded sequence (ψn)n which is not bounded
on any infinite subset of I.
Proof. Choose f : N → N strictly increasing with (In)n = (Ifn)n. Because f
is strictly increasing, f has a non-decreasing left-inverse g : I → N. Define
ψn =
√
g(n)ϕn for n ∈ I and ψn = 0 otherwise. For every n ∈ I, the vector
ϕn is contained in an ε-almost-euclidean finite sequence and hence ‖ϕn‖ ≥ 1.
Since g is unbounded and non-decreasing, it follows that the sequence (ψn)n is
not bounded (in X ′) on any infinite subset of I. Next, take x ∈ X with ‖x‖ ≤ 1
arbitrarily. We will prove that Ar = {k : |ψk(x)| ≤ r} belongs to F , for certain
r ∈ R>0. Let n be arbitrary, put Br := N \Ar and put bn = |Br ∩ In|.
Claim. For a suitable choice of r we have that bn ≤ n for each n ∈ N.
17
Proof of Claim. Consider χn =
∑
i∈Br∩In
sgn(ψi(x))ϕi.
First note that
χn(x) ≥ bnr√
g(f(n))
=
bnr√
n
. (IE1)
By (ϕi : i ∈ In) being ε-almost-euclidean in X ′, we have:
‖χn‖2 ≤ (1 + ε)bn,
hence
χn(x) ≤
√
(1 + ε)bn (IE2)
By combining inequalities (IE1) and (IE2) and selecting r =
√
1 + ε, we find at
once, √
bn ≤
√
n.

Since Br ⊆ I and F is slow with respect to (In)n, we have found r such that
Br is non-F -stationary and hence Ar ∈ F . 
The existence of ε-almost-euclidean sequences in infinite-dimensional normed
spaces is guaranteed by Dvoretzky’s theorem in convex geometry, which we use
in the following form:
Theorem 4.8 (Dvoretzky (1961) [6]).
For every ε > 0 and k ∈ N, there exists N ∈ N such that every normed space of
dimension N contains an ε-almost-euclidean sequence of length k.
Corollary 4.9.
Let (In)n be an increasing interval-partition of I ⊆ N and let ε > 0.
Every infinite-dimensional normed space contains a sequence that is ε-almost-
euclidean on (In)n.
This leads to the necessity of rapidity for the UBPstat- and UBP-properties. We
now give the proof of Lemma 4.5.
Proof of Lemma 4.5. If F is not rapid+, one can (using Lemma 2.6) choose an
F -stationary set I and an increasing interval-partition (In)n of I such that F
is slow with respect to (In)n. By Corollary 4.9, one can choose next a sequence
(ϕn)n in X
′ which is ε-almost-euclidean on (In)n (where one has fixed an arbi-
trary ε ∈ R). By Lemma 4.7, one then finds a pointwise F -bounded sequence
(ψn)n in X
′ which is not bounded on any infinite subset of I. This contradicts
the stationary uniform F -boundedness principle for X. 
5 Conclusions and additional remarks
Theorem 3.2, Lemma 4.5 and Lemma 4.3 can now be combined to obtain the
following two characterisation theorems.
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Theorem 5.1.
The following statements are equivalent for a filter F on N.
1. There exists an infinite-dimensional Banach spaceX such that the uniform
F -boundedness principle holds for X.
2. The uniform F -boundedness principle holds for every Fre´chet space X.
3. F is both a rapid+ and a P+-filter.
Theorem 5.2.
The following statements are equivalent for a filter F on N.
1. There exists an infinite-dimensional Banach space X such that the sta-
tionary uniform F -boundedness principle holds for X.
2. The stationary uniform F -boundedness principle holds for every Fre´chet
space X.
3. F is both a rapid+ and weak P+-filter.
In particular, the classes of (stationary) Fre´chet-UBP-filters and (stationary)
Banach-UBP-filters coincide, we will now simplify terminology and refer to these
filters as (stationary) UBP-filters.
Example 5.3.
Theorem 5.1 allows to give an elementary example of a UBP-filter G which is not
countably generated. This example was suggested to the authors by Miroslav
Repicky´. Let N =
⊔
i∈NEi be a partition of N into finite sets Ei. Suppose in
addition that supi∈N |Ei| =∞. We consider the following filter:
G := {A ⊆ N : sup
i∈N
|Ei \A| <∞}.
Using that A ⊆ N is G-stationary if and only if
sup
i∈N
|Ei ∩A| =∞,
it is easily checked that G is a rapid+ P+-filter and hence, by Theorem 5.1, also
a UBP-filter. Moreover, given any sequence (Sn)n of elements of G, it is possible
to recursively construct increasing sequences of natural numbers l0 < l1 < l2 <
l3 < . . . and k0 < k1 < k2 < k3 < . . . such that kn ∈ Eln ∩ Sn. Then the set
N \ {kn : n ∈ N} belongs to G but does not contain any of the sets Sn as subset.
It follows that G can not be countably generated.
5.1 UBP-ultrafilters
As the filter G in the previous example is only Fσ in the Cantor space P (N), this
example shows that UBP-filters of uncountable character need not be complex
in the sense of descriptive set theory. To study the other extreme, we now focus
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on the special case of UBP-ultrafilters.
For ultrafilters, the notions of weak P+-filter and P+-filter coincide and one uses
the term P-ultrafilter (or P-point) instead. The rapid+ P-ultrafilters are referred
to as semi-selective ultrafilters. Semi-selective ultrafilters are also characterised
by the following combinatorial property (see e.g. [5])
Lemma 5.4.
U is a semi-selective ultrafilter if and only if for every sequence (Ak)k of elements
of U , there exists {a0 < a1 < . . .} ∈ U with ak ∈ Ak for every k.
In the special case of ultrafilters, Theorem 5.1 and Theorem 5.2 both reduce to:
Corollary 5.5.
The set of UBP-ultrafilters coincides with the set of semi-selective ultrafilters.
Moreover, if U is an ultrafilter and the uniform boundedness principle holds for
some infinite-dimensional normed space X , then U is semi-selective.
This corollary extends a theorem by Benedikt ([3] Proposition 3) which ex-
presses in the language of nonstandard analysis that every selective ultrafilter
is a Banach-UBP-filter. An ultrafilter U is selective if every Γ : N→ N is either
constant or injective on some A ∈ N. In particular, every selective ultrafilter is
semi-selective.
Since the existence of selective ultrafilters follows from Martin’s Axiom, the ex-
istence of UBP-ultrafilters is consistent with ZFC (provided the theory ZFC is
itself consistent). In particular:
Theorem 5.6 ([10]).
If Martin’s Axiom for countable posets (MA(countable)) holds, then there exist
22
ℵ0
-many non-isomorphic selective ultrafilters.
It follows that MA(countable) also implies the existence of 22
ℵ0
-many non-
isomorphic UBP-ultrafilters. MA(countable) is a proper weakening of MA and
is equivalent to the statement that there is no way of writing R as a union⋃
α<κNα of κ < 2
ℵ0 meager sets Nα ⊆ R (see [10]).
However, since the existence of P-ultrafilters as well as the existence of rapid+
ultrafilters is independent of the axioms of ZFC-set theory, it follows that there
are also no ZFC-proofs of the existence of UBP-ultrafilters (again, of course,
assuming consistency of ZFC).
In particular, there are no UBP-ultrafilters...
• ... in a model obtained by adding ℵ2 random reals to a model of ZFC +
GCH [15].
• ... in Laver’s model for the Borel conjecture [20].
• ... in Shelah’s model for the absence of P-ultrafilters [22].
5.2 Products and Quotients
Theorem 5.1 and Theorem 5.2 leave open the possibility that the uniform F -
boundedness principle could hold for some infinite-dimensional Fre´chet space
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without F being a UBP-filter. We will now show that this can indeed occur. To
this purpose, we first indicate how the validity of the uniform F -boundedness
principle behaves under countable products and quotients of Fre´chet spaces.
Let π : X → Y be a quotient map between locally convex spaces [26, p. 33].
Then, every pointwise F -bounded sequence (Ti)i of continuous linear maps from
Y to a locally convex space Z induces the sequence (Ti ◦ π)i ∈ L(X,Z), which
is still pointwise F -bounded. Moreover, (Ti)i is F -equicontinuous if and only if
the sequence (Ti ◦ π)i is F -equicontinuous. This proves the following lemma.
Lemma 5.7.
If π : X → Y is a quotient map between locally convex spaces and the uniform
F -boundedness principle holds forX, then the uniform F -boundedness principle
holds for Y as well.
Likewise, we have:
Lemma 5.8.
If π : X → Y is a quotient map between locally convex spaces and the stationary
uniform F -boundedness principle holds for X, then the stationary uniform F -
boundedness principle holds for Y as well.
For every Fre´chet space X admitting an infinite-dimensional normable quotient,
we can now characterise those filters F for which the (stationary) uniform F -
boundedness principle holds for X.
Lemma 5.9.
Let X be a Fre´chet space with an infinite-dimensional normable quotient.
• The uniform F -boundedness principle holds for X if and only if F is a
UBP-filter.
• The stationary uniform F -boundedness principle holds for X if and only
if F is a stationary UBP-filter.
Proof. The other direction being evident from the definition of (stationary)
UBP-filter, it suffices to prove that F is a (stationary) UBP-filter whenever the
(stationary) uniform F -boundedness principle holds for X .
Suppose that the (stationary) uniform F -boundedness principle holds for X .
Then F is a (weak) P+-filter, by Lemmas 4.1 and 4.3. Because of Lemma 5.7
and Lemma 5.8, validity of the (stationary) uniform F -boundedness principle
will be inherited by the infinite-dimensional normable quotient of X, so that
it follows from Lemma 4.5 that F is also rapid+. The conclusion follows from
Theorem 3.2. 
As long as F is a (weak) P+-filter, the (stationary) uniform F -boundedness
principle is also preserved under countable products of Fre´chet spaces.
Lemma 5.10.
Let F be a P+-filter. If (Xi)i∈N is a sequence of (possibly finite-dimensional)
Fre´chet spaces and
X =
∏
i∈N
Xi,
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then the uniform F -boundedness principle holds for X if and only if the uniform
F -boundedness principle holds for every one of the spaces Xi.
Proof. Let Y be an arbitrary locally convex space and let Qi be a base of
continuous seminorms for Xi.
⇒ Since the projection on the i-th coordinate is a quotient map from X to
Xi, this direction follows from Lemma 5.7.
⇐ For the other direction, let (Tj)j be a pointwise F -bounded sequence in
L(X,Y ). In order to show that (Tj)j is F -equicontinuous, it suffices to show
that for an arbitrary continuous seminorm r on Y , (Tj)j is F -equicontinuous in
L(X, (Y, r)). Note that, making use of the quotient mapping from (Y, r) onto
the normed space (Y/ ker(r), r), we can assume that r is a norm. We will thus
write Y for the normed space (Y, r) in the rest of this proof. Observe that then
L(X,Y ) = L(
∏
i∈N
Xi, Y ) =
⊕
i∈N
L(Xi, Y ),
in particular, for every j we find (P ji )0≤i≤nj , with P
j
i ∈ L(Xi, Y ) non-zero, such
that
Tj((xn)n) =
∑
0≤i≤nj
P ji (xi), for all (xn)n ∈ X. (∗)
Since F is a P+-filter and X is a Fre´chet space, it follows from Lemma 3.11 that
there exists a 0-neighbourhood B in X and F ∈ F such that
sup
x∈B
r(Tj(x)) <∞, for every j ∈ F.
BecauseB is a 0-neighbourhood in the product spaceX , there existN ∈ N, c > 0
and q0, . . . , qN with qi ∈ Qi such that⋂
i≤N
{(xn)n ∈ X : qi(xi) ≤ c} ⊆ B.
Since every mapping r ◦ Tj, with j ∈ F, is also bounded on this B, one finds
that r ◦ P ji is necessarily identically zero for every i > N and every j ∈ F. It
is therefore sufficient to prove that the sequence (P ji )j is F -equicontinuous for
every i ≤ N . It follows from (∗) that the sequence (P ji )j is pointwise F -bounded
for every i, so we can conclude F -equicontinuity of this sequence by applying
the uniform F -boundedness principle for the space Xi. 
With an analogous argument, one proves the corresponding lemma for the sta-
tionary uniform F -boundedness principle.
Lemma 5.11.
LetF be a weak P+-filter. If (Xi)i∈N is a sequence of (possibly finite-dimensional)
Fre´chet spaces and
X =
∏
i∈N
Xi,
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then the stationary uniform F -boundedness principle holds for X if and only
if the stationary uniform F -boundedness principle holds for every one of the
spaces Xi.
As a corollary, we find an example of an infinite-dimensional Fre´chet space for
which the (stationary) uniform F -boundedness principle can hold for filters F
which are not (stationary) UBP-filters.
Corollary 5.12.
For the sequence space RN, equipped with the product topology,
• the uniform F -boundedness principle holds if and only if F is a P+-filter,
• the stationary uniform F -boundedness principle holds if and only if F is
a weak P+-filter.
Proof. BecauseRN is not normable, the only if directions follow from Lemma 4.1.
But the (stationary) uniform F -boundedness principle holds trivially for the
space R, so it follows from the previous theorem that the (stationary) uniform
F -boundedness principle will also hold for RN, whenever F is a (weak) P+-filter.

We have thus obtained a characterisation of the (weak) P+-filters in terms of
the topological vector space structure on RN.
The following Remark 5.13 and Example 5.14 each exhibit an illustration of
Lemma 5.9.
Remark 5.13. Since RN is a Fre´chet-Montel space, Corollary 5.12 prompts the
question whether every Fre´chet-Montel space necessarily satisfies the uniform
F -boundedness principle for every P+-filter F . It follows from Lemma 5.9
that this is not the case as there exist Fre´chet-Montel spaces admitting infinite
dimensional Banach quotients. (See [14] for an example of a Ko¨the sequence
space that is Fre´chet-Montel but surjects continuously to ℓ1.)
Example 5.14. By Lemma 5.9, the spaces of m-times continuously differentiable
functions Cm(Ω), Cmc (Ω) with Ω ⊆ Rn open and k ∈ N satisfy the (stationary)
uniform F -boundedness principle if and only if F is a (weak) P+-filter. Indeed,
the Banach spaces Em(K) of Whitney differentiable functions on compact con-
vex K ⊆ Ω appear as quotients of the spaces Cm(Ω), Cmc (Ω). (See Theorem 3.2
in [18] and Bemerkung 1.1 and 1.2 in [25])
In contrast to the spaces Cm(Ω) (m ∈ N) in the previous example, the space
C∞(Ω) belongs to the class of Schwartz-Fre´chet spaces (just as the space RN).
As every quotient of a Schwartz space is again Schwartz and the only normable
Schwartz spaces are finite-dimensional, no infinite-dimensional quotient of a
Schwartz space can be normable. By consequence, if X is Schwartz, Lemma 5.9
does not carry any extra information about the validity of the uniform F -
boundedness principle for X.
The following problem therefore remains open.
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Question 5.15. For which Schwartz spaces X and which filters F does the (sta-
tionary) uniform F -boundedness principle hold for X?
This question is a special case of the following more general question asking
whether (stationary) UBP-filters are necessary for uniform F -boundedness prin-
ciples in those cases left open by Lemma 5.9.
Question 5.16. IfX is a Fre´chet space that does not admit an infinite-dimensional
quotient, for which filters F does the (stationary) uniform F -bounded principle
hold for X?
Because of Lemma 4.1, every such filter F should be at least a (weak) P+-filter
and the question comes down to determining exactly for which spaces the extra
rapidity+ assumption is (fully) necessary.
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